Abstract We study the single-particle and the electron-pair densities for the ground state of twoelectron atomic systems by means of wavefunctions which provide very good values for the energy. Special attention is paid to the convergence of some properties of the densities when we increase the dimension of the used basis. ?be best results obtained for the densities and for Kato's cusp conditions indicate that we have really got a quite good description for the ground-state wavefunction.
Introduction
Two-electron atomic systems have been intensively studied since the establishment of quantum mechanics [1, 2] . It is known that an exact solution for the eigenvalue problem is not possible, even if we only take into account the electrostatic interaction, due to the repulsive term between the electrons. Different approximations to the eigenfunctions, * ( T I , ~2 ) . have been proposed to obtain results with similar precision to the experimental ones. The variational approximation with polynomial functions in the electronic coordinates has been widely used providing acceptable results [3-71. However, the convergence of these expansions is slow. This has been improved by including terms with half integer and negative powers in the coordinates and particularly logarithmic terms 18-1 11. Recent calculations for the ground-state energy using Hylleraas functions with logarithmic and negative power terms in the variable t = rl + r2 have provided energies with a precision of one in
[PI.
The good precision for the eigenvalues allows one to believe that a reasonable description for the eigenfunctions has also been obtained. However, the details of the eigenfunctions have not been studied in order to establish the validity of this assumption. The single-particle and the electron-pair densities, p ( r ) and h(s), respectively, defined by h(s) = s2 drldrZS(s -(TI -r d ) l * h .~) l~ (2) ' S are two adequate quantities for evaluating the precision in the determination of the eigenfunctions. This is because some analytic results are known for these densities such as Kato's cusp conditions [12] , which may be written in the form [13, 14] p'(0) = -2Zp(O) 
and, similarly, the function h(s) satisfies [21]
These properties have allowed the establishment of upper and lower bounds to the densities at the origin in terms of the moments of such densities [20-22], and other interesting relations among the moments of these functions.
Different questions about the goodness of the variational wavefunctions can be pointed out.
The first question is if the improvement of the eigenvalue when we make the variational space wider implies a parallel improvement of the properties of the densities.
A second point is related to the fact that the single-particle density provided by our wavefunctions is dominated by an exponential which depends on one of the variational parameters. This leads to an asymptotic behaviour similar to the exact one [23] ,
where A is a constant and y is related to the lowest ionization potential of the many-electron system, Imi,,.
However, this parameter is fixed by using the variational criterion. The question is what are the effects on the densities if we fix this parameter to reproduce the asymptotic behaviour of the single-particle density of the exact solution.
Another important point is to establish the differences to the densities generated by the correlations between the electrons. This can be quantified by making a comparison with HartreeFock results, and also by studying the difference between the correlated and Hartree-Fock electron-pair densities, h ( s ) -h~~( s ) .
i.e. by studying the Coulomb hole [%I.
See [24, 251 for more details about this quantity.
In order to answer all these questions we shall obtain the wavefunctions by diagonalizing the Hamiltonian of the system in some basis, on which we shall impose two conditions in order to get accurate results. The first condition is that the basis allows us to use arbitrw dimensions, providing a good estimation of the ground-state energy. The second one is that the p ( r ) and h(s) densities may be analytically evaluated. A basis that satisfies these conditions is the one used by Pekeris [26], which allows one to diagonalize for any dimension using double precision (16 figures) due to the quasi-orthogonality among the functions. Recently, we have calculated in this basis with 2856 terms [27] .
The main differences between these wavefunctions and the others used in [S. 181, (i.e. the Hylleraas basis), is that quadrupole precision calculations (32 figures) are necessary when the number of states is greater than 100. This is because for this basis the quasiorthogonality property is not satisfied. In addition, when the logarithmic term is included it is not possible to get a simple, analytic form for the densities p ( r ) and h(s). With the basis that we shall use in the present work 126, 271, it is possible to get energies for the ground state similar to the best results which include non-polynomial terms.
All the results presented here are for the helium atom and members of its isoelectronic series.
Wavefunctions and P(T) and h(s) densities
The basis we shall use in the present work is built in terms of the isoperimetrical coordinates defined as U = -rl + r2 + r12, U = rl -rz + r,z and w = rl + r2 -r12. where r, and r2 are the distances from the electrons to the nucleus and r12 is the distance between the electrons. The range of each one of these coordinates is from zero to infinity. This suggests building a basis as a linear combinations of the following functions:
~l ( o r u )~, ( a r u )~, ( 2 a w ) e x p [ -~c r ( u
where & ( x ) is the Laguerre polynomial of degree k . This basis would be orthogonal if the, Jacobian is a constant, but the Jacobian is a2(u + u)(u + w)(u + w)/4. In spite of this, almost all the matrix elements in the norm are zero and so there will be no trouble in making the diagonalization for any number of states in the basis. We shall use a homogeneous polynomial in the three variables because this choice provides the best results for an equal number of states in the basis [26, 271. This means that in any calculation we shall only include functions in (6) such that k + m + n < NL, so N L will limit the dimension of the basis.
As we want to study the ground-state energy, the spatial function must be symmetric when we exchange the electrons so our function must be symmetric when exchanging U and U. In order to get this, we shall use combinations of functions of (6) which preserve this symmetry. We shall obtain our functions from a diagonalization of the Hamiltonian in our truncated basis for a fixed N L and with or as a additional variational parameter. This Hamiltonian of a two-electron system in the S-wave state when only the electrostatic interaction is included can be written, in the isoperimetrical coordinates, as 
where we have used atomic units and have considered that the nucleus has infinite mass.
Once the optimum wavefunction is determined, one can build the single-particle p ( r ) and the electron-pair density h(s), which are defined by equations (1) and (2), respectively.
F Arias de Saavedm er a1
It is important to note that the integrations in (1) and (2) can be done analytically within our basis. In,both cases, the result is a polynomial in the variable with an exponential which dominates the asymptotic behaviour. These expressions are similar to the ones obtained by 
Results
First let us comment that our results give a single-particle density p(r) monotonically decreasing, which agrees with the numerical studies at the Hartree-Fock level for atomic ground states [31, 32] . For h(s) we have found that it is positive at the origin, increases from zero to a distance s-, where it takes its maximum value h, , and then decreases monotonically. Now we shall discuss the behaviour of the main properties of the densities, such as Kato's cusp conditions, the values of the densities at the origin, the position and value of the maximum of the electron-pair density, sm and h-, respectively, and the vinal value provided by our wavefunction when we change the dimension of the basis.
We have performed this for the helium atom, Z = 2 and we have used bases with NL = 5,10,15,20,25 which correspond to dimensions 34, 161, 444, 946 and 1729, respectively. In table I, we show all these results for two choices of 01 which correspond to the optimum value, the value which provides the best upper bound to the eigenvalue [27], and 01 = 1.34 which provides the asymptotic behaviour of the exact solution for the singleparticle density. We also show our best Hartree-Fock result. In this and in the following tables we define which must be equal to Z, which must be equal to 0.5, and Awal which is the difference between the estimation of the virial provided by the wavefunctions and the exact value (-2). i.e.
( V )
where ( V ) and ( T ) are the expectation values of the potential and kinetic energies, respectively, in our wavefunctions. It is remarkable that the Hartree-Fock approximation gives a better value of Cusp, than the correlated functions for small dimensions of the basis when we use the optimum value of (Y and for almost all the values of NL considered here when ct reproduces the asymptotic behaviour of the exact single-particle density. However, this agreement is not good for the density at the origin where the correlated functions provide better results than the Hartree-Fock solution, even for small dimensions.
All the results indicate that the increment of the dimension of the basis improves all the results monotonically, so we may think that there is a parallel improvement in the wavefunction. The effect of the correlations on the singleparticle density is less than 1% for small r where the most important differences appear. However these effects are about 50% for small s for the electron-pair density. This indicates that the HartreeFock solution provides a good description for the single-particle density but not for the electron-pair density. The convergence with the dimension of the basis is very fast when we use the optimum value of 01. We can see how the differences between the results obtained when we use N L = 15 and N L = 25 are very small. The differences between the calculation with optimum and asymptotic 01 are important especially for small dimensions of the basis. The best results for a fixed number of states corresponds to the optimum 01. However, the results obtained for NL = ' 25 with asymptotic 01 are quite good. The differences are caused by the value of 01 used in each case and appear not only for the densities but also in the eigenvalue. In this sense, the increment in the dimension of the basis makes the choice of the value not so critical.
A second goal of this work is to study the variation of the quantities related to the densities when we change the nuclear charge Z. The variation of the results with the dimension of the basis is practically similar for all Z. So we do not show results for small dimensions when Z # 2. In table 2, we present the best results with the optimum value of O1forZ=l, . . . , 10.
The results improve those of Koga et a1 [18] for Kato's cusp conditions when the optimum value of 01 is used. Also, an evaluation of the results can be realized by a comparison with the best results of the Hartree-Fock approximation, which are shown in table 3. A comparison between tables 2 and 3 shows that when Z increases the differences in the singleparticle density quantities decrease. So, the relative difference between the values of p(0) in both models goes from 0.0013 for Z = 2 to 0.000 13 for Z = 10. It is also apparent how the improvement in the quantity Cusp, is larger when Z is smaller. The electron-pair density is more sensitive to the correlations and the more important differences are at small distances. The relative differences between the exact and Hartree-Fock values of the electron-pair densities at the origin decrease when Z becomes bigger. In this limiting case, the position of the maximum goes to zero, (that is the value where h(s) is maximum in Hartree-Fock calculations). The differences in the maximum go from 50% for 2 = 2 to 10% for Z = 10. These are consequences of the reduction of the relative importance of the electron-electron interaction compared with the nuclear interaction when the charge of the nucleus increases. The Coulomb hole [24] , that is, the difference between the electron-pair density with and without correlations, is the best quantity to evaluate the importance of the correlations. In figure 1 one can see this quantity for the isoelectronic series of helium, from Z = 2 to Z = 10. In order to plot this quantity in one figure for all the atoms studied, we have divided it by the value of the nuclear charge Z. The figure shows that the effects of the correlations are important at short distances and that the range of these differences decreases faster when Z is increased. The Coulomb hole result is positive from a distance that decreases with Z and that for Z 2 5 is over 0.2 au.
A last comment about how our wavefunctions satisfy the virial theorem: in the tables we have shown the difference between the estimation of the virial theorem provided by the wavefunctions and the exact value (-2 
Conclusions
First of all, we would like to remark that the basis allows us to obtain analytical expressions for the singleparticle and for the electron-pair densities and to perfom calculations for any number of states in the basis. The results obtained show that all the quantities related to the densities that we have studied here are quite well evaluated. We get a precision of one in 104 for NL = 10. In this case, the dimension of our basis and the rrsults are similar to the ones used and obtained by Koga et al [18] . The precision for the densities at the origin becomes one in 106 when we use N L = 25 and this result is valid for all the values of Z studied. We have also improved the precision of the cusp conditions. However, the precision for these quantities is one in IO5 for Cusp, and one in lo4 for Cusp,. This must be so because our wavefunctions do not provide good values for the first derivative of the densities at the origin.
The comparison between our best results and HartreeFock ones is meaningful. As may be hoped, the single-particle density is very well described by means of the Hartree-Fock wavefunction.
Finally, we would like to emphasize that in order to verify the virial theorem for the correlated functions with a precision of one in 10" we must use at least NL = 20.
